MODULE CATEGORIES OVER POINTED HOPF 

ALGEBRAS 



MARTIN MOMBELLI 

Abstract. We develop some techniques for studying exact module cat- 
egories over some families of pointed finite-dimensional Hopf algebras. 
As an application we classify exact module categories over the tensor 
category of representations of the small quantum groups u q (s\.2)- 



1. Introduction 

Given a tensor category C, a module category over C is an abelian cat- 
egory M together with an exact functor C x A4 — > Ai satisfying natural 
associativity and unity axioms. This rather general notion appears, and is 
implicitly present, in many different areas of mathematics and mathematical 
physics, such as the theory of weak Hopf algebras |O03aj . subfactor theory 
[BEKQO], extensions of vertex algebras KO02 . affine Hecke algebras [BOOlJ 
and conformal field theory, see for example [FSOlj , [CS07] , [CS08| . In this 
case one is interested in the tensor category of representations of a certain 
vertex algebra, and irreducible objects of a module category are interpreted 
as boundary conditions for the conformal field theory. 

The language of module categories was used with profit in diverse papers. 
It is present the study of fusion categories, see [ENO05] . [ENO08] . and in 
relation with dynamical twists |M07| . In [N07] module categories were used 
to describe some properties of semisimple Hopf algebras. 

Etingof and Ostrik proposed [EO04] . as an important problem, the cla- 
ssification of a certain class of module categories, called exact, and not only 
of semisimple module categories. This was done in the framework of the 
study of finite tensor categories not necessarily semisimple, motivated by 
its relation, among others, with logarithmic conformal field theories. Such 
classification is available only for few examples, see |EO04j . [O03a| . [O03b], 
[008] , 

This paper arises mainly motivated by the problem of classifying module 
categories over the tensor category of representations of the small quantum 
groups u q (g), for a simple Lie algebra g and q a primitive root of unity. 
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One of the goals of this paper is the classification in the case q = s^. 
This particular problem was proposed by V. Ostrik at the meeting Groupes 
quantiques dynamiques et categories de fusion, at CIRM, Marseille 2008. 

The paper is organized as follows. In section [2] we give a brief account of 
the basic definitions of graded and coradically graded Hopf algebras, twist- 
ing in Hopf algebras and Hopf-Galois extensions. In section [3] we recall 
some basic facts on exact module categories as introduced by Etingof and 
Ostrik [EO04j . and we also recall some results on module categories over the 
tensor category of representations of a finite-dimensional Hopf algebra. In 
particular we recall the main result from [AM 07] that any exact indecom- 
posable module category over Rep(-ff), H a finite-dimensional Hopf algebra, 
is equivalent to the category of left X-modules, for some right i?-simple left 
i!f-comodule K. 

Section [J] is devoted to the study of filtered (graded) comodule algebras 
over a filtered (graded) Hopf algebra. In section [5] we study the relation 
between liftings of graded comodule algebras, that is comodule algebras A 
such that gr A ~ G, where G is a given graded comodule algebra, and formal 
deformations of G. This is completely analogous to the study of liftings of 
Hopf algebras in |DCY05j . 

The different liftings of a given comodule algebra are controlled by a 
certain double complex which we present in section [6] generalizing previous 
results of D. Yau [YoT| . [Y08] . 

In section [7] we show that if A is a certain graded comodule algebra 
over a Hopf algebra H constructed by a bosonization as H = s 3(V)#kG, 
where 58 (V) is the Nichols algebra of a Yetter-Drinfeld module V over the 
group algebra kG over a cyclic group G, then A is determined by a certain 
homogeneous coideal subalgebra in 58 (V) and a subgroup of G. 

Using the techniques developed previously, in section [8] we present the 
classification of exact module categories over the Taft Hopf algebras, the 
Radford Hopf algebras, the book Hopf algebras and over the Lusztig's small 
quantum groups u q {s\2)- 

2. Preliminaries and notation 

Throughout this work k will denote an algebraically closed field of char- 
acteristic zero. All vector spaces, algebras and linear categories will be 
considered over k. By k x we shall denote the non-zero elements of k. 

If A is an algebra, we shall denote by the category of finite-dimensional 
left ^4-modules. If H is a Hopf algebra Rep(-ff) will denote the tensor cat- 
egory of finite-dimensional representations of H and will denote the 
category of Yetter-Drinfeld modules of H. 

Given a Hopf algebra H, a left if-comodule algebra is a collection (A, fj,, A), 
where (A, //) is an algebra, A : A — > H<8>kA is the -ff-comodule structure 
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on A such that A is an algebra map. We shall sometimes denote this co- 
module algebra by (A, A). We will denote it by (A,fj,,X) only when spe- 
cial emphasis on the product is needed. The set of coinvariants of A is 
A coH = {a G A : A(a) = l<g>a}. 

If A is an .ff-comodule algebra via A : A — > H®^A, we shall say that a 
(right) ideal J is If-costable if A( J) C H^A. We shall say that A is (right) 
.£/-simple if there is no nontrivial //-costable (right) ideal in A. 

Let A be a left if-comodule algebra. We denote by H Ma the category of 
left f/-comodules, right A-modules M such that the right ^4-module struc- 
ture M(&\A — » M is an i^-comodule map. If P € h Ma we will denote by 
End^ (P) the space of ^4-module and -ff-comodule endomorphisms. 

A left coideal subalgebra of H is a subalgebra K C H such that A(K) C 
H®kK. It is well-known that if H is finite-dimensional, iiT is a left coideal 
subalgebra of H and Q denotes the coalgebra H/HK + , then the pair of 
functors T : H A4/< -» .F(Af) = M/MK+ and g : ^ . M -*■ 

g(V) = iJDQV give an equivalence of categories. See [Ma92| . [SkQ7| . 

For a coalgebra C we shall denote by Co the coradical and by Cq C Ci C 
Ci • • • C C n C . . . the coradical filtration. For more details see [Sw69| . 

Let us recall that a coalgebra C is said to be No-graded, or graded for 
short, if C = 0;C(i), such that A(C(n)) ^ 0™ =o C(i)® k C(n - i) for all 
n € No and e(C(n)) = for all n > 1. A coalgebra is coradically graded if it 
is graded and the coradical filtration is given by C n = ©" = o 

A Hopf algebra -ff is Nq- graded, or graded for short, if it is No-graded as 
an algebra and a coalgebra by the same grading. 

A filtration on a Hopf algebra H is an algebra filtration H° C H l C 
• • • C JJ m = such that for all n = . . . m 

n 

A{H n ) C ^ W®^ 71 ^. 

i=0 

If is a filtered Hopf algebra such that H° is a Hopf subalgebra then 
the graded algebra associated to the filtration gr H = © n>0 H n I H n ~ x , here 
H^ 1 = 0, is a graded Hopf algebra. The associated graded Hopf algebra to 
the coradical filtration will be denoted by gT c H. It is a well-known fact that 
gr c if is a coradically graded Hopf algebra. 

Let H be a graded Hopf algebra. A lifting of H is filtered Hopf algebra 
structure U on the same underlying vector space H such that gr U = H. 

Two liftings U and V of H are said to be equivalent if there is a Hopf al- 
gebra isomorphism eft : U — > V such that gr (f) = id h ■ The set of equivalence 
classes of liftings of H will be denoted by Lift(H). 
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2.1. Twisting comodule algebras. Let us recall that a Hopf 2-cocycle is 
a map a : H®^H — > k, invertible with respect to convolution, such that 

(2.1) ^(iC(i),J/(i))ff(a!(2)y(2),«) = <r(y(i),Z{i))<r(x,y(2)Z(2)), 

(2.2) cr(a;,l) = e(x) = cr(l,x), 

for all x,y,z G .ff". Using this cocycle there is a new Hopf algebra structure 
constructed over the same coalgebra H with the product described by 

x. [a] y = (T(x {1) ,y {1) )a- l (x i3) ,y {3) ) x {2) y (2) , x,y G H. 

We shall denote by H a this new Hopf algebra. We shall denote by a H the 
space H with new multiplication given by 

(2-3) x ■ y = <t(z(2), 2/(2)) 3(i)J/(i)> 

for all x,y £ H. The algebra is a left //-comodule algebra with coaction 
given by the coproduct of 

We shall say that a is cocentral if for all x,y £ H 

(2-4) o"0c(i),y(i))^(2)y(2) = <r(z(2), 2/(2)) x (i)V(i)- 

It is obvious that a is cocentral if and only if H a = H. A useful way 
to check if a certain 2-cocycle a is cocentral is to prove that the coproduct 
a H :— > a H®^H makes a H a right iJ-comodule algebra. This observation 
will be used later without further mention. 

If a : H ® H —> k is a 2-cocycle and K is a left if-comodule algebra, then 
we can define a new product in K by 

(2.5) a. a b = o-(a ( _i), &(_i)) a {0 )\o), 

a,b £ K. We shall denote by K a this new algebra. It is easy to see that 
K a is a left iJ CT -comodule algebra. The following basic result will be useful 
later. 

Lemma 2.1. Let a : H <g> H — > k 6e a -ffop/ 2-cocycle and K be a left H- 
comodule algebra. There is an equivalence of categories H Mr — H ° M.k„- 

Proof. If M € % we define a right /^-module structure by 

m- a k = cr(m ( _i), fe(_i)) m (0 ) ■ fe (0 ), 

for all fc G i^T, m G M. We shall denote by M a the object M with this 
new action and the same left ff-comodule structure. By a straightforward 
computation one can prove that M a G H ° Mk„ an d that the functor M \ — > 
M a is an equivalence of categories. □ 

In particular if K C H is a left coideal subalgebra, Q = H/HK + and 
a : H <g> H — > k is a cocentral 2-cocycle then the categories H M.K a , -M are 
equivalent. 
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The following definition will be used later. 

Definition 2.2. A Hopf 2-cocycle a : H <g> H — > k is compatible with a left 
coideal subalgebra K C H if for any x,y £ K, cr(x( 2 ), 2/(2)) x (i)y(i) € K. 

In the case when a is compatible with we denote a K the left H- 
comodule algebra obtained from K using multiplication given as in (j2.3j) . 
Any cocentral 2-cocycle is compatible with any left coideal subalgebra and 
in this case a K = K a . 

2.2. Hopf Galois extensions. Let H be a Hopf algebra. A left i/-Galois 
extension of an algebra R is an algebra A with a left i?-comodule algebra 
structure, A — » fftgnA, a — > aru®atty, such that ^4 co ^ = and the 
canonical map can : ^4(g)#^4 — » H®A, can{a(&b) = aiy\® a(p)b is a bijection. 
For more details on this subject the reader is referred to [SS04]. 

It is well known that if a : H<S>^H — > k is a 2-cocycle then a H is a H- 
Galois extension of the field k. In the finite-dimensional case the converse 
also holds, that is, if H is finite-dimensional and A is a finite-dimensional 
left .ff-Galois extension of the field then there is a 2-cocycle a such that 
A~ a H. 

3. Exact module categories over finite tensor categories 

We recall the definitions of module categories over finite tensor categories. 
For more details the reader is referred to |O03a] . [EO04J. 

A module category over a tensor category C is an abelian category Ai 
equipped with an exact bifunctor <g) : C x Ai — * Ai and natural associativity 
and unit isomorphisms mx,Y,M ■ {X®Y)®M — ► X®(Y®M), l M ■ 1®M — > 
M such that for any X,Y, Z G C, M G Ai. 

(3.1) (id ® m Y ,z,M) m x,Y®z,M{ax,Y,z ® ^) = mx,Y,z®M m x ®Y,z,M' 

(3.2) (id <g> lM)m x ,x,Y = r x ® id . 

A module functor between module categories .M and .M' over a tensor 
category C is a pair (J 1 ", c), where J 7 : Ai — > A"f is a k- linear functor and 
cx,M : -^"(A (8) M) — > X (g) T{M) is a natural isomorphism such that for any 
X,V G C, M G A4: 

(3.3) (id x <8> c Y ,M)cx,Y®MF{jnx,Y,M) = m XjY ,F(M) c v<g>y,M, 

(3.4) £f {M )Ci,m = F{hi). 

Let A^i and .M2 be module categories over C. We shall denote by 
Home (.Mi, M2) the category whose objects are module functors (J 7 , c) from 
Mi to A42- A morphism between (J 7 , c) and (£7, d) G Homc(A / Ii, A4 2 ) is a 
natural transformation a : T ^ Q such that for any X E C, M E Aii'. 



(3.5) 



dx,M a x®M = {idx(S>a M )cx,M- 
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Two module categories M\ and over C are equivalent if there exist 
module functors F : .Mi — ► A^2 and G : M.2 — * M.\ and natural isomor- 
phisms id_A^j -tfoG, id» 2 ->GoF that satisfy (j3.5j) . 

The direct sum of two module categories A4i and M2 over a tensor cat- 
egory C is the k-linear category A4\ x M2 with coordinate- wise module 
structure. 

A module category is indecomposable if it is not equivalent to a direct 
sum of two non trivial module categories. 

In this paper we further assume that all module categories have finitely 
many isomorphism classes of simple objects. The following definition of a 
very important class of module categories is due to P. Etingof and V. Ostrik. 

Definition 3.1. [EO04] A module category J\A over a finite tensor category 
C is exact if for any projective P E C and any M E A4, the object P®M is 
projective in M.. 

Any semisimple finite module category over a finite tensor category C is 
exact. A direct sum of finite module categories is exact if and only if each 
summand is exact. Therefore, any exact module category over C is a finite 
direct product of exact indecomposable module categories over C, see [EO044 
Prop. 3.9]. 

3.1. Module categories over Hopf algebras. We recall some results 
concerning exact module categories over the category of representations of 
Hopf algebras. Let H be a finite-dimensional Hopf algebra. 

If A : A — ► H®^A is a left if-comodule algebra then the category of 
finite-dimensional left j4-modules aA4 is a module category over Rep(-ff) 
with action <g> : Rep(H) x A M -> A M, X®M = X<g> k M, for all X £ 
Rep(H),M £ a-M- The left A-module structure on is given by A, 

that is, if a £ A, x £ X, m £ M then a ■ (x<g>m) = ct(-i) ■ £(g> «(o) ■ ti- 

If ^4 is right ff-simple then a-M- is an exact indecomposable module cate- 
gory over Rep(-ff), see |AM07l Prop. 1.20]. The exactness is a consequence 
of the beautiful results obtained by Skryabin [Sk07j on comodule algebras. 

Remark 3.2. In particular the category is an exact indecomposable 
module category over Rep(-ff) when 

(1) A = K a , K C H is a coideal subalgebra and a : H^H — > Ik is a 
cocentral Hopf 2-cocycle, 

(2) or, more generally, A = a K where K C H is a left coideal subalgebra 
and g : H®\H — > k is a 2-cocycle compatible with K. 

Theorem 3.3. [AM07, Theorem 3.3] If M is an exact idecomposable module 
category over Rep(-ff) then M. ~ aM for some right H -simple left comodule 
algebra A with A coH = k. □ 
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Two left P-comodule algebras A and B are Morita equivariant equivalent, 
and we shall denote it by A ~a/ B, if the module categories a-M, bM. are 
equivalent as module categories over Rep(-ff). 

Proposition 3.4. |AM07l Prop. 1.24] The algeb ras A and B are Morita 
equivariant equivalent if and only if there exists P G H Ai b such that A ~ 
End#(P) as H -comodule algebras. □ 

The left PT-comodule structure on End.e(P) is given by A : End,B(P) — > 
#® k End B (P), A(T) = T ( _ 1) ®T (0) where 

(3.6) (a,r ( _ 1) )T (p) = (a,T(p (0) ) ( _ 1) 5" 1 (p ( _ 1) ))r(p (0) ) (0) , 

for any a G H*, T G End B (P), p G P. It is easy to prove that End J e(P) co ^ = 
Endf(P). 

Let K C H be a left coideal subalgebra and cr : H^^H — > k be a cocentral 
2-cocycle. Let us denote by Q the quotient H/HK + . 

Lemma 3.5. Lei A be a right PL-simple left H-comodule algebra with triv- 
ial coinvariants Morita equivariant equivalent to K a . Then there exists 
an indecomposable object P G ®M such that A ~ Endx CT ((HOQP) a ) and 
dim A = (dimP) 2 dimK. 

Proof. The existence of the object P such that A ~ End^ ((HnQP) a ) 
follows by Proposition 13.41 and Lemma [2. 11 Since the coinvariants are trivial 
A coH = k then Endf (HUqP) = k and this implies that HU Q P must be 
indecomposable thus P is also indecomposable. Since H ~ K®Q as left 
if -modules, right Q-comodules, then H\DqP ~ K®P, whence dim A = 
(dim P) 2 dim if. □ 

Let us further assume that Q is a pointed cosemisimple coalgebra. Thus, 
if P G ®M is an indecomposable object then is 1-dimensional and there 
exists a group-like element g G Q and ^ v G P such that P = k < v > and 
6(v) = g®v is the left Q-comodule structure on P. In this case HOqP ~ gK. 

Lemma 3.6. Under the above assumptions if A is a left H-comodule algebra 
such that A K a then A ~ (gKg^ 1 )^ , for some group-like element 
g G G(H) and a 9 : PT(g>kPT — > k is the Hopf 2-cocycle given by 

a 9 (x,y) = o-(g- l xg,g~ l yg), 

for any x,y G H . 

Proof. From the above considerations A ~ Endx CT ((<?if )&)■ Any element 
T G Endx CT ((5 f if) C r) is determined by the value T(g). Indeed, any element 
gx G gK can be written uniquely gx = g - a (cr -1 ^, xm) #(2))- Here, for 
any x,y £ H we are denoting x - CT y = a(x^,y^) 33(2)2/(2) the product as in 
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The maps 4> : (gKg 1 ) a g -> End Ka ((Kg) a ), ip : End Ka {(Kg) a ) -> 
{gKg^ 1 )^ given by 

4>{gy~ l g){g ■ x) = g ■ (x ■ y), ijj{T) = g~ l T{g), 

for any x,y £ K T £ End K a {{Kg) a ) are well-defined maps one the inverse of 
each other. It is straightforward to verify that both maps are ff-comodule 
morphisms. 

□ 

Example 3.7. Let G be a finite group, F C G be a subgroup and -ff = kG 
is the group algebra. The group algebra kF is a left coideal subalgebra of H. 
Let also tp G Z 2 (G, k x ) be a (necessarily cocentral) 2-cocycle. Let us denote 
by k^F the twisted group algebra. An indecomposable object P G ®A4, 
Q = kG/(kF)+kG must be one-dimensional, say P =< kg >. If A ~ M k^F 
then there exists an element g G G such that A ~ k^ 9 .F 9 , where .F 9 is the 
conjugate of F. This result is contained in |O03al Thm 2]. 

4. Graded and filtered comodule algebras 

Let us assume that H is a finite-dimensional filtered Hopf algebra with 
filtration given by H° Q H 1 Q ■ ■ ■ Q H m = H such that H° is a Hopf 
subalgebra. 

Given a left fZ-comodule algebra (.A, A), we shall say that a filtration 
A C A 1 C • • • C A m is a comodule algebra filtration compatible with the 
filtration of H if it is an algebra filtration and for each n = 0, . . . , m 

n 

(4.1) \{A n ) C H'®^- 1 . 

Observe that A is a left i?°-comodule algebra. Whenever no confusion 
arises we shall simply say that A is a filtered -ff-comodule algebra. 

Any filtration on the Hopf algebra induces a compatible filtration on a 
comodule algebra. 

Lemma 4.1. Let H° C H 1 C • • • C i? m = H be a filtration on the Hopf 
algebra H and [A, A) a comodule algebra. Define A n = \~ 1 (H n ®A) for all 
n = . . . m, then A C • • • C A m = A is a filtration compatible with the 
filtration on H. 

Proof. Since A is an algebra map, for any i,j we have that A 1 A d C A l+:) . 
Let be < n < m and a G A n , then A(a) G H n ®A, hence 

n 

(id H ®A)A(a) = (A®id A )A(a) G ^ W^H^^A. 

i=0 

Whence A(a) G £^ =0 #W n_i - 

□ 



MODULE CATEGORIES OVER POINTED HOPF ALGEBRAS 



9 



As a consequence any comodule algebra (A, A) has a distinguished filtra- 
tion compatible with the coradical filtration on H, the Loewy series on A; 
it is the filtration A Q A 1 <Z ■ ■ ■ Q A m defined by A n = \~ l (H n ®A) for all 
n € N. 

Definition 4.2. Let H = ©^ -^W ^ e a g ra ded Hopf algebra. We shall 
say that a left -ff-comodule algebra G, with comodule structure given by 
A : G — » H®\G, graded as an algebra G = ®^ G(i) is a graded comodule 
algebra if for each < n < m 

m 

A(G(n))c0H(i)0kG(n-»). 

A graded comodule algebra G = ©^ G(z) is Loewy-graded if it is a graded 
comodule algebra and the Loewy series is given by G n = ®f =0 G(i). 

Let (A, A) be a filtered left il-comodule algebra, A C A 1 Q ■ ■ ■ Q A m 
compatible with the filtration H° C iJ 1 C • • • C H m = H . We can consider 
the graded algebra gryl = n>o A n /A n ~ 1 , where A^ 1 = 0. The graded 
algebra associated to the Loewy series will be denoted by gr^A 

There is a well defined map A : gr A — > gr H<g> gr A such that the following 
diagram commutes 

A n — eiu^t^ 

A n /A n - 1 ► (E^o^®k^ ft " i )/Ei^ 1 ^'®k^ ft ~ 1 " i 

gr A(n) — — > ]T™ =0 gr#(i)®kgr A(n - i). 

Lemma 4.3. The space (gr A, A) is a graded gr H -comodule algebra and 
(gr; A A) is a Loewy-graded gr C H -comodule algebra. 

Proof. This is a well-known fact. The proof can be found for example in 
|AD03j . [Sw69j . □ 

The following result will be useful when we relate module categories over 
a Hopf algebra H and over gr c H. 

Proposition 4.4. Let H° C H 1 C • • • C fl 7 " = H be a filtration on the 
Hopf algebra H such that H° is a semisimple Hopf subalgebra. Let A be a 
left H -comodule algebra and consider the filtration A 1 = X~ 1 (H l <S>i L A) for 
any i = 0, . . . , m. The following assertions are equivalent. 

(1) A is right H° -simple. 

(2) A is right H-simple. 



10 



MOMBELLI 



Proof. Let us assume that A is right ff°-simple. Let J C A be a right ideal 
.ff-costable. Consider the filtration on J, J° C J 1 C . . . J m = J, given by 
J 1 = A _1 (i? i (8)k<^)- The space J° c A is a right ideal i/ -costable, thus 
J° = or J° = ^4°. In the second case 1 £ J and thus J = A. Let us assume 
that J° = 0. Follows from Lemma ED that A(J n ) C ^™ =0 H' 1 ®^ 11 ' 1 . Then 
A(J : ) C Ho^ k J x thus J 1 = J°. Arguing inductively follows that J n = J n ~ l 
for all n, thus J = 0. 

Assume ^4 is right /[-simple. Since H° is semisimple, using [Li03, Thm. 
3.1], we obtain that the Jacobson radical J(A°) is a f[ -costable ideal of A , 
hence J(A°)A is a right ideal /[-costable in A. Since the radical is nilpotent 
the equality J(A°)A = A is impossible, therefore J(A°)A = and ^4° is 
semisimple. Thus, the inclusion A <Z A splits, that is, there is a left A°- 
module BCi such that A = A © B. Now, let J C A be a nonzero right 
#°-costable ideal. Then JA = J © JB C J © £. Since A is right if-simple 
we obtain that = A which implies that J = A . □ 

Under the same hypothesis as Proposition l4.4l we have the following result. 

Corollary 4.5. The following assertions are equivalent. 

(1) A is right H° -simple. 

(2) gr A is right gr H -simple. 

(3) A is right H-simple. 

Proof. (1) is equivalent to (3) is Proposition 14.41 But the same proof works 
for gr^4 since (gr A) = A . □ 



5. Liftings and formal deformation of comodule algebras 

For the rest of this section (H, A, m) will denote a graded Hopf algebra 
with grading H = ffi™ i?(i). 

Let G be a graded ff-comodule algebra. If U is a lifting for H, we shall 
say that A is a lifting for G along C7 if A = G as vector spaces and A is a 
filtered left [/-comodule algebra and gr A ~ G as left //-comodule algebras. 

Two liftings A, B of G along J7 are said to be equivalent if there is an 
isomorphism of filtered [/-comodule algebras ip : A — > B such that gr-0 = 
idc- We shall denote by Lift(A, U) the set of equivalence classes of liftings 
of A along U. 

5.1. Formal bialgebra deformation. Let us recall graded bialgebra de- 
formation from [DCY05| . See also [M W07] . For any I G N U {oo} consider 
the free k[t]/(t' +1 )-module H[t]/(t l+1 ) as a graded vector space over Ik by 
degt = 1 and deg/i = i if h G H(i). If I = oo, H[t)/{t l+l ) = H[t] and 
k[t]/{t l+1 ) =k[t]. 



MODULE CATEGORIES OVER POINTED HOPF ALGEBRAS 



11 



An /-deformation of H is a collection (H[t]/(t ), m' 



, A') , where 



m l : (H® k H)[t]/(t l+l ) - H[t]/(t l+1 ), A 1 : H[t]/(t l+1 ) -> (#® k # )[i]/(t /+1 ) 



are k[t]/(r +1 )-linear maps homogeneous of degree 0, such that iT[£]/(r + ) 
is a bialgebra. This implies that there are maps A l s : H — > H® k H, m l s : 
H® k H —> H of degree — s such that for all x, y € H 



It is also required that A = A and m = m. 

Two /-deformations (H[t]/(t l+1 ), m l , A 1 ) and (H[t]/(t l+1 ), m l , A 1 ) are iso- 
morphic if there exists a bialgebra isomorphism (f> : H[t]/(t l+1 ) — > H[t]/(t l+1 ) 
homogeneous of degree 0. In this case there are maps <j> 8 : H — > H homoge- 
neous of degree — s such that for any h G H, <p(h) = Yl s =o <As(^)* s - Here it 
is required that cp = id u ■ 

The set of equivalence of /-deformations is denoted by Iso l (H). When 
/ = oo, this set is simply denoted by Iso(H). 

The following result is [DCY051 Thm. 2.2]. 

Theorem 5.1. There exists a natural bijection between Lift(H) and Iso(H). 

5.2. Formal deformation for comodule algebras. Let us fix a /-deformation 
(H[t]/(t l+1 ), m l , A 1 ) of H that we shall denote by Hi for short. Let also 
(G, n, A) be a graded left i?-comodule algebra. 

Definition 5.2. An I- deformation of G is a collection fj, 1 , X 1 ) 

where /i' : (G® k G)[t]/(t l+1 ) -> G[t]/(t l+1 ), X 1 : G[t]/(t l+1 ) -> (H® k G)[t]/(t l+1 ) 
arc k[t]/(t' +1 )-linear maps homogeneous of degree zero such that G[t]/(t + ) 
is a left ^-comodule algebra. In particular there are maps At, : G — > H® k G, 
[j, l s : G® k G — > G homogeneous of degree — s such that for any a, 6 € G 



It is required that A = A and fi = \i. 

The associativity of the product, the coassociativity and the compatibility 
of the coaction of G[t]/(t l+l ) with the product imply that for any < n < I 



A l (x) = J2^)t s , 




s=0 



\ l (a) = Ai(a) t s , (i l (a®b) = ^ /4( a ®&) t s . 



s=0 s=0 



(5.1) 




i+j=n 



i+j=n 



(5.2) 




i+j=n 



i+j=n 



(5.3) 





i+j=n 



i+j+k+r=n 
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Two /-deformations (G[t]/(t l+1 ), /J, X 1 ) , (G[t]/(t l+l ), Jl l , X 1 ) are equiva- 
lent if there exists an homogeneous map of degree zero 4> : G[t]/(t l+1 ) — > 
G[t}/(t l+1 ) such that is a k[t]/(t' +1 )-linear isomorphism of i?;-comodule 
algebras. In particular there are homogeneous maps 4> s : G — > G of degree 
— s such that 

i 

s=0 

for all a G G. We required that 4>o = idc- Denote by Iso l (G, Hi) the set 
of equivalence classes of /-deformations of G. The proof of the following 
Lemma is completely analogous to |DCY05[ Lemma 2.1]. 

Lemma 5.3. For I > /' there exist a restriction map resij/ : Iso l (G, Hi) — » 
I so 1 ' (G , Hi>) , and maps ri : Iso co {G,H 00 ) — > Iso l (G,Hi) such that 

Iso^&Hcc) ~ lun im I so 1 (G, H t ) 

□ 

The result [DCY05, Th. 2.2] can be extended to the comodule algebra 
setting in a natural way. Let U be a lifting of H corresponding to the 
/-deformation Hi under Theorem 15.11 

Theorem 5.4. There is a natural bijection Iso°°(G, H^) ~ Lift(G,U). 

The following technical Lemma will be crucial to find liftings of certain 
comodule algebras over pointed Hopf algebras. 

Let F be a finite Abelian group, H = (B™L^H(i) be a finite-dimensional 
coradically graded Hopf algebra, U° C U 1 C • • • C [/ m_1 = jj a filtered 
Hopf algebra U with U° = kF = H(0), such that gr U = H. Let g G F and 
x € Z7 1 — U° an element such that 

(5.4) A(x) = a?®l +g®x, fx = X {f)xf, 

for any f & F where x is a character for F. 

Let (G, Ao) be a Loewy-graded -ff-comodule with grading G = (B™L^~G(i) 
such that G(0) ~ kF as if-comodules, where F C i* 1 is a subgroup, that is 
there exists a base {ej : / £ F} of G such that the comodule structure are 
given by A(e/) = /®e/, for any f € F. 

Let (A, A) be a left /7-comodule algebra and let us consider the filtration 
A i = X^iU^kA). Assume that gr A = G. 

Lemma 5.5. Under the above assumptions, ify € G(l) is an element such 
that 

Mv) = x® 1 + 9®V, e f y = x(f) yef, 
for all f G F, then there exists an element y G A 1 such that X(y) = x®l + 
g®y, efy = x{f) y e f f or all f £ F and the class of y in A 1 /A = G(l) 
equals to y. 
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Proof. Since we know that there are homogeneous maps A s : G — > H®^G 
of degree — s, such that the coaction of A is A = Xls=o^ s ' then A(y) = 
s(8)l + g®y + Ai(y) where A x (y) G if(0)<g>G(0). Let us write oj = Ai(y). Set 
to = J2heF feP ah J ^® e /i where a^j G k. Since (id®A)A = (A®id)A then 

anj h®h®ef = ^ a^j h<gif®ef + ^ a>hj g®h(gief, 

h£F,feF h£F,f£F heFJeF 

whence we deduce that u = X^j- e p ftf (d — for some (3f G k. If we 

define a = Ylf^p f^g @f e f then u = y<g)a — A(a), thus the element y = y + a 
satisfies that A(y) = x®l + gt£>y. 

The space V = {y G A : X(y) = /ix(g>l + y<S>y, /i G k} is stable under the 
action of F given by 

/ • y = e f ye f -i. 

Thus there exists an element y G V such that for any / G F f ■ y = x'(f) Vi 
for some x' '■ F ~* k. Since for all / G F fx = x(f) x f then x' = X an d this 
ends the proof of the Lemma. 

□ 

6. Deformation bicomplex for comodule algebras 

In [Y08| and |Y07| the author introduced a bicomplex to study algebraic 
deformations of -ff-comodule algebras A over a graded Hopf algebra H. The 
cohomology groups of the total complex are related to formal deformations 
of A over the same Hopf algebra H. In this section we introduce a certain 
bicomplex generalizing the one constructed by D. Yau in a way that coho- 
mology groups of the total complex are related to formal deformations of A 
over a any lifting U of H. 

6.1. Bialgebra cohomology. Let H be a bialgebra. For each s G N and 
each 1 < i < s define the maps mf,Af, A£ : H s+1 — ► H s and Af,Sf,8^. : 
H s -> H s+1 by 

mKy 1 ® . . . <$S>y s+l ) = y 1 ® . . . ®yV +1 ® . . . ®y s+1 , 
A^y 1 ® . . . y s ) = y l ® . . . ®y*(i)®i/j® . . . ®y s , 

Af (a^y 1 ® . . . y s ) = x^y 1 ® . . . ®x (s) y s , 

A^y 1 ® . . . y s ®x) = y 1 x (1) ® . . . ®y s x (s) , 

(5f (y 1 ® . . . y s ) = y l (l) . . . y\i)®y\ 2 )® ■ ■ ■ <8>y s ( 2 ), 

6t(y 1 ®...y s ) = y\i ) ^...m s (i)^y 1 (2)---y s {2), 

for all x, y 1 , . . . , y s G H . 

Let C^ff) = Kom k (H®P,H®< 1 ) and let 

u p,q • u * u J u p,i3 • u — > <-y , 
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be the maps defined by d* q = EUo and d l« = Ef=o(-l) 1 « 

where for any / G C p,q {H) 

d v p Mf) 

and 



= < 



(id H ®/)<Sf 

[(/®idtf)# 



if i = 

if 1 < t < g 

if i = q + 1 



f Af (id h®/) if i = 



W/)= /omf ifl<^<p 
[A?(/®id H ) ifi=p + l 
We will use the truncated complex, that is C p,q {H) = if pq = 0. 

6.2. Deformation bicomplex for comodule algebras. Let (A, fi, A) be 

a left //-comodule. For any n G N and a 1 £ A define the maps 

X n . A ®n _^ H® k A® n , A2 : A® n -> #® n ® k ,4 

by 

A^a 1 ® . . . ®a n ) = a 1 ^) . . . a n ( _ 1) ^a 1 (0 )«' • • • ®a n (0) , 
A^a 1 ® . . . ®a n ) = a 1 ^!)® . . . ®a n ( _i)®a 1 ( ) • • • « n (o), 

for all a 1 . . . a n G A. Define also an A-bimodule structure on H® n ® k A via 

the maps 

ft : A® k H® n ® k A -> ® n ® k A : # 0n ® k .4® k .4 - #® n ®kA 

by 

I3i{a®y l ® . . . ®y n ®b) = A"(a ( _i ) (g)y 1 ® . . . ®2/ n )®a (0 )6, 
^"(y 1 ® . . . ®y n m®b) = K{y l ® ■ ■ ■ ®y n ®b { _ l) )mb m , 

for all y 1 , . . . ,y n G H, a,b G A. For n = we define 0f = /j, = (3®. We also 
shall need for any n G N and 1 < i < n the maps 

: ^ 0n+1 -> A® n+1 , ^(a 1 ® • • • «>a n+1 ) = a 1 ® . . . ®aV +1 ® . . . 

for all a\...,a n+1 G A 

Let us recall the bicomplex C p,q (A) defined by 

{0 if p = 

Der(A) if (p, g) = (1,0) 

Hom k (A® p ,H® q ® k A) otherwise. 

Define the horizontal and vertical differentials 

: C P 'V) -» C+^A), fl^ : C p ' q {A) -> C M+1 (,4), 

by 

p+i 9+1 



,n+l 



j=0 



i=0 
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Where for any / € C p ' q (A) 

stMf) : 



P?(id A ®f) 

[p q r(fm A ) 



if i = 
if 1 < i < p 
if i =p + 1, 



and 



if i = 
if 1 < i < q 
if i = g + l. 



'(id H ®/)A? 
< (A?®id A )/ 
(id H m®X)f 

We now define a new complex. For each p, g set C p ' q (A, H) = C p,q (A) © 
C p ' q+1 (H). Define the horizontal and vertical differentials by 

d h pq : C p ' q {A, H) -» C p+1 >«(A, if), d" pq : C™(A, if) -> C p ' q+ \A, H) 

by the formulas 

<,(0,/) = (^V'^+i/)' 

and 

<£,(6/) = (^>+ (-1) 9 (/®i<U)A£ , 
Here we abuse of the notation by using the same symbol for denoting the 
differentials coming from the bialgebra cohomology of H and those coming 
from the cohomology of the comodule algebra A. 

Lemma 6.1. C*'*(A,H) = (C p ' q {A, H), d£,, {-l) p d" pA ) is a bicomplex. 

Proof. We have to verify that the following equations hold: d h o d h = 0, 
d v od v = Q and d h o d v = d v o d h . The first one is obvious. Let us prove the 
other two. 

It can be easily checked, case by case, that for any < i < q + 2 and any 
< j < p + 1 the equalities 

3U + i[i]((/®i<U)A£) = (d;^](f)^ A )X p , 
hold. This implies that 

(6.1) d; tq+1 ((f&d A )\ p ) = (d; tq (f)m A )\ p 2 

and 

(6.2) d h M+1 ((md A )\ p 2 ) = (d h M+1 (f)m)x p+1 . 

Let p,q£N and (<f>, f) € C p ' q (A, H) then 

d v P , q+1 d; >q (<p, f) = di q+1 (d; tq <p + (-i) q um A )x p 2 , 

= (3; + i^^(-irv((/® id ^) A 2)+ 

{-i) q+ \d;j®id A )xidi q+l d;j). 
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Follows from (16. 1|) that this last expression is zero. By a straightforward 
computation one proves that d v p+l q dp q = d!^ q+l d v pq using (|6.2p . 

□ 

The total complex (Tot *(C*'*(A, H)), d) of the bicomplex C*'*(A,H) is 
defined by 

Tot n (C*'*(A,H)) = C p ' q (A)® C p ' q+1 (H), 

p+g=n p+q=n 

and the differentials d n : Tot n (C*>*(A, H)) -» Tot n+1 (C*-*(A, F)) are de- 
fined by 

d n \ c ™-i,i(A,H) = dn-i,i + (— 

for each < i < n. Borrowing the notation of D. Yau [Y08] . we will denote 
the cohomology groups of this complex by H* a (A,H). 

Let (0,/) G C 2 >°(A,H) = C 2 »{A)®C 2 <\H) , ty,g) G C^(A,H) = 
C 1 ' l {A) © C l > 2 (H). The element (0,/) + G Z c 2 a (A#) if and only if 

(6.3) <9 2 V = °> dl 1 ^-( 9 m A )X = 

(6-4) c^J = = 9^5, dlJ + d^ 2 g = 0, 

(6.5) + (/®id A )^ + = 0. 

The next result follows from a simple computation. 

Proposition 6.2. Ze£ H be a graded Hopf algebra, {G, fj,, A) a graded left 
H-comodule algebra. Let (H[t]/(t l+1 ), m l , A 1 ) be an I -deformation of H and 
(G\t\ / (t l+1 ) , fj}, X 1 ) an I -deformation of G compatible with the deformation 
of H. Then (/4 +m[) + {\[,&[) G Z 2 ca {G, H). □ 



7. COMODULE ALGEBRAS OVER POINTED HOPF ALGEBRAS 

Let H be a Hopf algebra and R be a braided Hopf algebra in j^yD. 

Definition 7.1. A braided left comodule algebra over R is an algebra B G 
together with a linear map 5 B ■ B — > R®tB, 5b{x) = j;'" 1 '®^! ', such 
that 5b is a morphism in the category #3^, (B,5b) is a left .R-comodule, 
and such that for all x,y G -B 

(7.i) 5 B ( xy ) = *r-VVi) • y hll )^ [0 W [01 - 

7.1. Comodule algebras over bosonizations. We shall give a simple 
recipe to produce comodule algebras over a Hopf algebra constructed from 
a bosonization. 
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Let Hq be a Hopf algebra and R G #°3^ be a braided Hopf algebra. 
Let us recall that the bosonization, or Radford biproduct, H = R^Hq, is 
the Hopf algebra over the vector space R^Ho with product and coproduct 
given by 

(r#g)(s#f) = r«7 (1) • s#g {2) f, 

A(r#5) = r (1) #(r (2) )(_i)5(i)(»(r(2))(o)#5 f (2), 
for all r, s G R, f, g G H. 

Let -B be a braided comodule algebra over R and i* 1 be a left i?o- com °dule 
algebra. We shall give to the tensor product B®^F a natural structure 
of -R#.£fo-comodule algebra. Let us define the product and left R#Hq- 
comodule structure by: 

5{x®f) = x[- 1 l#x[°] (_!)/(_!)» sM (0 )®/(0), 

(x®f)(y<s>g) = x(f(-i) • y)®f(o)9, 

for all x,y G B, /, g G F. We shall denote by B#F the space B^F together 
this new product and the coaction 5. 

Proposition 7.2. The following assertions hold: 

(1) Bj^F is a left R#Hq- comodule algebra. 

(2) IfF coHo = k and £ coi? = k then we have that (B#F) coR * H ° = k. 

Proof. (1) follows by a straightforward computation. 
Let Y,Xi®fi G (B#F) coR # H °. Then 

Applying the counit on the second tensorand we obtain that 

whence xi G B coR = k, which implies that /, G F coH o = This proves 
(2). ' " □ 

7.2. Loewy-graded comodule algebras over pointed Hopf algebras. 

For the rest of this section G will denote a finite group, V G 5^1 w * u 
denote a Yetter-Drinfeld module over G and 25 (V) the associated Nichols 
algebra, see [AS02] and references therein. The Nichols algebra is a No- 
graded braided Hopf algebra with grading 25(F) = ©^L ^*(^)- Let us 
denote by 5 : V — > kfCJ^t^ the coaction. 

We denote the bosonization H = *B(V)#k[G]. The Hopf algebra H is a 
coradically graded Hopf algebra, with grading given by H(n) = 25™(V)<£>kk[G] 
for any n = . . . m. We will denote by 6 : H —> Q3(V) and p : H —> k[G] the 
canonical projections. For any /i G if we have that /i = 9(h(r\)p(h(2\). The 
space 2$(V) are the coinvariants of under the coaction (id£<5p)A, that is 
*S(V) = {h£h: (id®p)A(/t) = tol}. 
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Let (A, A) be a Loewy-graded left f/-comodule algebra with gradation 
given by A = ^CO- Let ^ • ^ ~~ * ^(0) be the canonical projection. 

Let us define 

23^ = {a G A : (id<g)7r)A(a) G i?(g>l}. 

This space should be thought as a kind of diagram [AS02J, for the comodule 
algebra A. Indeed, if (A, X) = (H,A) then 53,4 = *B(V) is the diagram 
corresponding to H. 

For each n G N define = 23 a f| -A(»"0- 

Proposition 7.3. The following statements holds. 

(1) 23a (0) = kl, 23 A = © n=0 »A(n). 

(2) 23 a C ^4 is a left H -subcomodule subalgebra, in particular A(23 a( k )) ^= 

©? =0 fl-(n-i)®k® A (i)- 

(3) There exists an injective H-comodule algebra homomorphism i : 

23 a -> 03(F) sitc/i tfiai t(«8 A (n)) C 23 n (F) for any n = . . . m. 

(4) Z/»a(1) = then 23 a = kl. 

(5) The space i(2J A (l)) ^ 7 is a kG -subcomodule. 

(6) TTie multiplication map \x : QS^^kA) — ^ ^ * s injective. 

Proof. (1). The first assertion is clear. Let a G 23a, then a = Ei=o a i, where 
di G A{i). Since (id ®7r)A(a) G iZ<8>kl and the spaces H(i) are disjoint we 
conclude that (id <S>n)X(ai) G H(i)®kl for each i, hence a« G 23a(0- 

(2) . It is clear that 23 a is a subalgebra since A and n are algebra maps. 
Let a G 23a, then ci(_i)<8>7r(a(o)) = h®l, for some h £ H. Then 

(7.2) A(/i)®l = a(_ 2 )<8>O(-i)<S>7r(o(0)) = a (~i)®«(o)(-i)® 7r ( a (o)(o))- 
Therefore O(_x)®a(o) € iT<g>23A- 

(3) . For a G 53 a define the map i : 53 a — ► H by t(a) = h £ H, where h is 
the unique element in H such that Gt(-i)®7r(a(o)) = h®\. Using (|T.2[) it is 
easy to see that t is an ff-comodule map. 

Let us prove that t is injective. Let a G 23 a such that t(a) = 0, thus 
a(_!)(8>7r(o(o)) = 0. Let us write a = Y^ n a n where a n G A{n). In this case 
K<>) = En AK) = En £S=o &?> where 6™ G ff(i)® k A(n-i), for * = ... n. 
Since a(_i)<8>7r(a(Q)) = ^ n 6JJ = this means that for each n, b™ = 0, thus 
X(a n ) G H n —i®tA, whence a n G An—i, which is impossible unless a n = 
since for all n: A{n) {~}A n ^\ = 0. Thus i is injective. 

Observe that Xir = (p®7r)A, thus if a G 23a then there exists an element 
h G H such that d(_i)(g)7r(a(o)) = h®l. Hence 

(id®p)A)(/t)(g>l = a(_2)®p(a(-i))®7r(a(o)) = ci(-i)®(p®7r)A(a(o)) 
= a(_ 1 )(g)A7r(a( )) = h<S)l<S)l. 

Thus (id®p)A(/i) = 7i®l, that is h G 03(F). Since H{n) = 23 n (F)#kG and 
i is an iZ-comodule map then /,(23a(^)) Q 23 n (V). This ends the proof of 
(3). 
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(4) . Let us assume that 25a (1) = 0. We can (and will) assume that 
25 a C ®(F). Let a G 25 A (2) then A(a) G F «>k25A(2) © J H r (2)®k»A(0), thus 
a G ffi, hence a = 0. Using the same argument we can prove inductively 
that 25 A (n) = for all n > 2. 

(5) . Let us consider W = 25a(1) as a kG-comodule via (p®idA)A. Then 
W = ®g & cWg, where Wg = {w G 25^(1) : p(a ( _ 1) )0a o = a®a}. If a G W g 
then A(a) = g®a + v a ®l, for some v a G V. Note that t(a) = t> a . In this 
case, 5(u a ) = g®v a , thus t(W) is a subcomodule of V. 

Now, let us prove (6). Consider the map <j> : A — > Q5(V)<8>ik-Ao given by 
0(a) = ^(«(-i))<8>7r(a(o)) an d let /i : 25A®kA) — > ^4 be the multiplication 
map. Then (ft o fj, = t(g>id a j indeed if x G 25 a i a G A) then 

0(xa) = 6l(x ( _ 1) a ( _i))®7r(x ( _i ) a (0) ) = 6»(x ( _ 1) a ( _i))®7r(x ( _i ) )a (0) 

= 0(i(a;)o(_i))(8)O(o) = t(x)<g>a. 

Since t is injective this implies that /i is injective. 

□ 

Remark 7.4. The space i(25a) i s a left homogeneous coideal subalgebra of 
25(V). The algebra 25 a need not be generated by 25a(1). However, in some 
special cases, for example when 25(F) is a quantum linear space, 25 a is 
always generated in degree one. 

Let us further assume that (A, A) is right ff-simple. Follows by Proposi- 
tion 14.41 that A(0) is right k[G]-simple and therefore there exists a subgroup 
F C G and a 2-cocycle V G Z 2 (F,k x ) such that A(0) ~ k^[F] as k[G]- 
comodule algebras. That is, there is a basis {ef}f £ p of vl(0) such that 

e f e f = ^(/' /') e //'' A ( e /) = /® e /> 

for all /, /' G F. 

In the case when ip is trivial there is an action of F on 25 a given as follows. 
If x G 25a and / G F then 

f -x := efxef-x G 25 A . 

With this action and the trivial coaction 5 : 25 a — ► k[i ? ]<8>k25 J 4, given by 
5(x) = l®x, 25 a is a Yetter-Drinfeld module over k[F]. Thus, we can 
consider the smash product 25^^A(0) as in Proposition 17. 21 

The following proposition tells us that the comodule algebra A can be 
recovered from 25 a and Aq. 

Proposition 7.5. Assume that the group G is a cyclic group, then A ~ 
25a#A(0) as H-comodule algebras. 

Proof. Since G is cyclic then ip must be trivial and Aq is isomorphic to the 
group algebra ki 7 , where F C G is a subgroup. Thus, we can consider the 
product 25 A #^(0). 
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By Proposition 17.31 (6) the multiplication map fj, : Q3a#A) — > A is in- 
jective and clearly is an ff-comodule algebra map. Let us prove that \i is 
surjective. 

Let Q denote the quotient coalgebra H/(kF) + H and 7 : H — > Q the 
canonical projection. Since A € ^pM., then ^4 ~ H\3qA, where A = 
A/(kF) + A and the left Q-comodule structure on A is given by (7<8>id J 4)A. 
The left i?-comodule structure on H\DqA is given by the coproduct of H. 

There is an isomorphism a : - > H of left kF-modules, right 

Q-comodules. Thus there is a linear isomorphism A ~ k-F®A 

It is easy to see that (IZUqj4)o = k.F®l. Let us denote by ir : HOqA — > 
(HOqA)o the projection. The image of the injective map (3 : A — > HUqt4 
given by (3(a) = a(l®a(_i))<g>a(o) composed with the isomorphism A ~ 
HUqA is inside 03a- Indeed, for any a € A the element 

a(l<8>a(_l))(i)® tt(«(1 ( X)O(-i))(2)®«(0)) € 

This implies that dim^4 < dimiB^. Whence, dim A < 03 a | F |, thus \x is 
surjective and therefore a bijection. □ 

Remark 7.6. Assume we are under the hypothesis of Proposition 17.51 It is 
immediate to verify that under the identification of A(0) — ki 7 > kG, the 
space i(53yi) C *B(V) is stable under the action of F. 

As a remarkable consequence of the above proposition we have the fol- 
lowing result. Let U be a Hopf algebra such that gr c U = s B(V)#kG for a 
cyclic group G. 

Lemma 7.7. If A is a U -simple left U-comodule algebra with trivial coin- 
variants, then dim A divides dim U . □ 

This result is related with a conjecture made by Y. Zhu for semisimple 
Hopf algebras and it is related to Kaplansky's sixth conjecture. See [Zl 
Conjecture 4.1]. 

8. Some classification results 

Let H be a pointed Hopf algebra with coradical the group algebra of a 
cyclic group C n , such that gr c H = <8(K)#k[C n ], where V € \£?yD is a 
Yetter-Drinfeld module and 2J(V) the associated Nichols algebra. 

We propose the following strategy to classify module categories over the 
category Kep(H). First we determine all Loewy-graded right 95(V)#k[G]- 
simple left Q3(y)#k[G]-comodule algebras A, with trivial coinvariants. By 
Proposition 17.51 this comodule algebras are determined by the subalgebra 
*Ba and Ao, where 93 a = ®i%$A(i) is a homogeneous left coideal subalgebra 
of 23 (V) stable under the action of Aq. Since Aq is a kC ra -simple left kC ra - 
comodule algebra, then Aq = kG^ for some divisor d of n. In our examples 
03 a is generated as an algebra by 33a(1), so really 53a depends on a subspace 
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W C V stable under the action of To end we shall find all possible liftings 
of this comodule algebras. 

In this section we present the classification of exact module categories over 
some Hopf algebras, where the dimension of V is 1 or 2. More precisely we 
will show the classification for the Taft Hopf algebras T q , over the Radford 
Hopf algebras r q , over the book Hopf algebras and over the small quantum 
groups Uq(sl 2 ). 

Let us recall the definition of these Hopf algebras and some other Hopf 
algebras that will be used later. Some notations are taken from [AS98J. Let 
n G N and q be a n-th primitive root of unity. 

• The Taft Hopf algebra T q = k{g, x\ gx = q xg, g n = 1, x n = 0), with 
coproduct determined by A(g) = g (g> g, A(x) = x®l + g<S>x. 

• The algebra T(q) = h(g,x\ gx = qxg, g n ^ = 1, x n = 0). The 
coproduct is determined by A(x) = x<g>l + g<g)x, A(g) = g ® g. 

• The Radford Hopf algebra is r(q) = k(g,x\ gx = q xg, g n = 1, x n = 
1 — g n ). The coproduct is determined by A(g) = g ® g, A(x) = 

g ® x + x <S) 1. 

• The book Hopf algebras H(l,q) = k{g,x,y\ g n = 1, gx = qxg, gy = 
q^ 1 yg, xy = qyx, x n = = y n ). With coproduct determined by 
A{g) = g®g, A(x) = x <g> 1 + g' 1 ® x, A(y) = y (g> 1 + g' 1 ® y. 

• The Frobenius-Lusztig kernel u q {s\2) = k{g,x,y\ gx = q 2 xg, gy = 
q~ 2 yg, g n = 1, x n = = y n , xy — yx = g — g^ 1 ). The coproduct 
is determined by A(g) = g ® g, A(x) = x ® g + 1 ® x, A(y) = 
y (g) 1 + g~ l ® y. 

8.1. Module categories over Rep(T q ). In this section we recover, using 
different techniques, the results obtained in [EOQ4J Thm 4.10]. 

Let d be a divisor of n. Set n = dm. For any (6k define the algebra 
A(d, £) generated by elements h,w subject to relations 

h d = 1, hw = q m wh, y n = £ 1. 

The algebra _4.(<i, () is a left Tq-comodule algebra with coaction determined 
by 

A(/i) = 5 m ®/i, A (to) = sc®l + g®w. 

Let us denote by K(d) the left coideal subalgebra of T q generated by g m 
and x. 

Lemma 8.1. For any £ G k £/iere is an isomorphism A(d, £) — K(d) af 
for some cocentral 2-cocycle <j£. In particular the algebras A(d,£) are right 
T q -simple left T q -comodule algebras such that A(d,^) coTq = k. 
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Proof. The algebra A(n, £) is a left T g -Galois extension and A(d,£) C A(n, £) 
is a subalgebra and a left T g -submodule. Thus there exists a 2-cocycle such 
that A(n,£) ~ o-f^g. This cocycle is cocentral since A(n,£) is also a right 
Tq-comodule algebra with structure map p : A(n,£) — ► «4(n, £)<S>kT q given 
by 

= h<g>g, p{w) = 10(831 + h<S>x. 
The other statements are straightforward. □ 

Lemma 8.2. (i) Categories Md,£)M are semisimple for any divisor d 
of n and any £ G k x . 
(ii) For any £ G k x i/ie ranA; o/^^-M is 

(hi) T/te algebras A(d,£), A(d',£') are Morita equivariant equivalent if 
and only if d = d' , £ = 

Proof, (i) and (ii) are Straightforward. Let us assume that ,4.(d, £) ~m 
»4.(d, £'). From (ii) we get that d = dl '. Let us denote by Q the quotient 
coalgebra Q = T q /K(d) + T q ~ kG m . Using Lemma [3.6l and Lemma [8.11 there 
exists a group-like element / G G(T q ) such that ,A(d, £') ~ (fK(d)f^ 1 ) cr ^. 
TiaiB A(d,£')~A(d,£), whence £ = £'. □ 

Proposition 8.3. // is an exaci indecomposable module category over 
Rep(T ? ) then M. ~ kC d M or M. ~ ^(^^A^ /or some divisor d of n and 
£ G k. 

Proof. Let G be a Loewy-graded left Tq-comodule algebra. Let d be a divisor 
of n such that Go = kC^. Let us assume that G ^ Gq. Using Proposition 
0G ~ <& G #kC d . Since G / G then «B G (1) ^ 0. The only possibility is 
that G = A(d,0). 

Let (.A, A) be a T^-simple left T g -comodule algebra such that A is a lifting 
of »4.(d, 0) along T q for some divisor d of n. So in this case Aq = kG^ is 
the group algebra of the cyclic group of d elements generated by h where 
A(/i*) = g mi ®h l , for any i = . . . d — 1, where dm = n. 

By Lemma l5"31 there is an element y G A\— Aq such that A(y) = xCEDl+gCBDy 
and and hy = q m yh. Since A is a lifting for A(d, 0), the set {/i l y- ? : i = 
... d — 1, j = ... n — 1} is a basis for A. Here Aq = k{h l : i = . . . d— 1}. 

Since A(y n ) = x n <g>l + g n ®y n = l®y n then y ra G A and there exists an 
£ G k such that y n = £1 and we have a projection A(d, £) -» A which is an 
isomorphism because both algebras have the same dimension. □ 

8.2. Module categories over Rep(r g ). Let C n 2 be the cyclic group of n 2 
elements generated by g. Let V G kC n yT> be the one-dimensional module 
generated by w with action and coaction determined by 

g • w = q w, 5(w) = g®w. 
The following result is straightforward. 



Lemma 8.4. gr c r(g) = T(q) and T(q) ~ «B(U)#kG n 2. 



□ 
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We shall classify exact module categories over the Radford Hopf algebras 
in a similar way as for the Taft Hopf algebras. No new difficulty arise since 
the dimension of the the vector space V is 1. 

Let us define families of left r(g)-module algebras, right r(q)-simple. Let 
d be a divisor of n 2 and set n 2 = dm. Let also £ £ k x . 

(a) The group algebra kCd = k(/i : h d = 1), with coaction determined 
by \{h) = g m ®h. 

(b) Algebras A(d) = k(h,w : h d = 1, w n = 1, hw = q m wh) and coac- 
tion determined by X(h) = g m ^h, X(w) = x &1 + g ®w. 

(c) If there is an integer a such that na = d, then B(a, £) = h(h, w : 
h d = 1, w n = 1 + £h a , hw = q m wh) and coaction determined by 
X(h) = g m ®h, \(w) =x®l + g®w. 

For any d divisor of n 2 and any £ € k the algebras A(d) and B(a, £) are 
left r(g)-module algebras, right r(g)-simple with trivial coinvariants. The 
algebras listed above are non-isomorphic as comodule algebras. 

Lemma 8.5. The algebras A(d) and B(a, £) are twistings of left coideal 
subalgebras of r(q) by a compatible Hopf 2-cocycle, pair-wise non Morita 
equivariant equivalent. 

Proof. Algebras A(n) and B(n,£) are r(g)-Galois extensions of the field and 
A(d) C A(n), B(a,£) C B(n,£) are r(g)-subcomodules subalgebras. Let us 
prove now that these algebras are non Morita equivariant equivalent. For 
this we will need the following result: 

Claim 8.1. Let H be a pointed Hopf algebra. Let J C H be a left coideal 
subalgebra and a : H&t^H — > k a compatible 2-cocycle, such that the graded 
algebra gr^( CT j) is isomorphic to a left coideal subalgebra K of gr c H and 
the coalgebra quotient Q = gr c H/(gr c H)K + is pointed cosemisimple. Then 
if P £ H M. a j is an indecomposable object there exists a group-like element 
g € Hq such that P ~ g ■ a J . 

Ldea of the proof. Consider the filtration Pi = <5 -1 (Hi^P) . The associated 
graded vector space grP is an object in the category & t c h A4k — 
Since P is indecomposable, the so is grP. Therefore there exists a group- 
like element g € H such that gr P = gK. □ 

Let A be a left r(g)-comodule algebra. Let us assume, for instance, that 
A ~m B(a,£) for some a such that na = d. Then there exists an object 
P £ r{q) M B{a £) such that A ~ End BM (P). Since in our case we are under 
the hypothesis of Claim [87T| P = g-B(a,£), and arguing as in Lemma [3.6l we 
obtain that A ~ B(a,£), thus if A is an algebra in the list it must be equal 
to B(a,£). The same argument can be used to prove that if A ~m A(d) 
then A ~ A(d). □ 

Proposition 8.6. If Ai is an exact indecomposable module category over 
Rep(r(<?)) then M ~ kCm M, M ~ A (d)M or M ~ S (a,o M - 
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Proof. Let (G, Aq) be a Loewy-graded T(g)-comodule algebra. We assume 
that G / Go and Go = k(/i : h d = 1) for some d divisor of n 2 . Since 
T(q) ~ ( B(V)#kC n 2, V is one-dimensional and 53g C Q3(V) is generated by 
58(3(1), thus G is generated by /i and an element w subject to relations 

h d = 1, hw = q m wh, w n = 0, 

Where dm = n 2 . The coaction is determined by 

\o(h) = g m ®h, Xq(w) = x®l + g®w. 

Let (A, A) be a lifting of G along r(q). In particular Aq = Go- Using 
again Lemma 15.51 it is easy to see that A is generated by elements h and w 
with A(/i) = g m ®h, \{w) = ir(g)l + g®w and /iw = q m wh. 

Since A(w n ) = (1 — g n )®l + g n ®w n , whence w n G A). Thus, there exists 
& G k, t = . . . d - 1, such that w n = 6 Therefore 

d-1 d-1 

J>/w + (i -5 n )®i =l><? m w. 

i=0 i=0 

This implies that £o = 1- If w does not divides n then £j = for all 

1 = 1 . . . d — 1, if there is an integer a such that ma = n then = for all 

2 7^ a and ^ a is arbitrary. In the first case A ~ .A(d) and in the second case 
A~B{a,t a ). □ 



8.3. Module categories over Rep(7Y(l, q)). We shall assume that n > 2. 
Let V = k{x, y} denote the 2-dimensional Yetter-Drinfeld module over kG n , 
where C n is the cyclic group generated by g, with action • : kC n <^tV — > V 
and coaction 5 : V — > kG n <S>kU determined by 

g-x = qx, g-y = q~ 1 y, 5(x) = g~ l ®x, 5{y)=g~ 1 ®y. 

It is not difficult to prove that H(l, q) = s B(V)#kC n . So <?) is a coradi- 
cally graded Hopf algebra with gradation given by = 95*(V)®kkC n . 

Lemma 8.7. Lei i-T = ©?1q .K'(i) C Q3(V) be an homogeneous left coideal 
subalgebra of 7i{\,q), that is K is graded as an algebra, K(j) C 53- ? (V A ) and 
A(#(j)) C ©| = o^(l, 9)(i)®k^(j - *) for all j = 0...n- 1. T/ien # is 
generated as an algebra by K(l). 

Proof. If dim K{1) = 2 then K = 2$(V) and the claim is obviously true. Let 
us assume that dimi^(l) = 1, and let w = ax + by be a nonzero element of 
K(l). We will prove that for any m = 1 . . . n — 1, K(m) is the 1-dimensional 
vector space generated by w m . 

Let 9 G K(m), then since K{m) C <B m (V), = £™ a i y^ m_i for some 
aj G k. 
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Let us denote by x™ the quantum Gaussian coefficients (or q-binomial 
coefficients), that is 

w _ (g"~ m - 1) • • • (g n - 1) 

It is well-known that 

k k 

A(x fc ) = Xj g- j x k -i®x j , A(y k ) = Y X* .'/' J .'/'• 
j=0 j=0 

This implies that 

m 

(8.1) A(0) = ^ £ «ixj _i x! {yi-'g-t-W- 4 -*'^) • 

i=0 j,« 

Since A(0) € ®^L ^(l>g)( m ~~ i)®K{i), there exists an element t> G 
7i(l, g)(m — 1) such that the summand of A(0) that belongs to Tt(l, q)(m — 
1)®K(1) equals v®w. Using equation (|8.ip we obtain that 

m— 1 

i=0 
m 

„m—i 



bv = Y<xiX%- i x\y i - 1 g- 1 ~ 



X 

1=1 

When a = 0, or 6 = 0, the above equations immediately imply that is 
a scalar multiple of y m , or x m respectively. Let us assume that ab ^ 0. In 
this case we have that 

, m— 1 m 

-E oi xr i x?, v'g^x"^- 1 = £ oi xT*xi sTV 1 ^- 

i=0 i=l 
Comparing coefficients we obtain that for any i = 1 . . . m — 1 

-a.*? 1-4 = «i+ixl +1 - 

a 

From this equation we obtain that «j = / yxT aTn ~ t b l 'j f° r some 7 £ k, thus 
6i = 7 (as + fr/) m . □ 

I. Heckenberger pointed out to me that the above result is a very special 
property that holds for quantum linear spaces, clearly not valid for arbitrary 
Nichols algebras. 

Let us define collections of left H(l, q)-comodule algebras right 7i(l,q)- 
simple. The algebras in the list are pair-wise non isomorphic as comodule 
algebras. Let d € N be a divisor of n and dm = n. 

(a) The group algebra kC^ = k(/i : h d = 1), with coaction determined 
by \(h) = g m ®h. 
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(b) For any £ G k, the algebras Ao(d,£) = k{h,w : h d = 1, w n = 
£1, /ra = g m tf/i) and coaction determined by X(h) = g m ®h, X(w) = 
x®l + g~ l ®w. 

(c) For any £ G k, the algebras Al(c£, £) = k(fo, w : /i d = 1, w n = 
£1, hw = q rn wh) and coaction determined by X(h) = g m ®h, X(w) = 
y®l + <7 _1 (8)?i;. 

(d) For any £, fi G k, /x ^ 0, the algebras ,u) = k(u) : u) n = £1} with 
coaction determined by X(w) = (fix + y)<8>l + g~ 1 <S>w. 

(e) If n is even, then for any 6 I, |i / 0, the algebras *4'(£, /u) = 
k.{h, w : h? = l,w n = £1, hw = wh) with coaction determined by 
X(h) = g2®h, X(w) = (fix + y)<g)l + g~ l ®w. 

(f) For any £ k, the algebras X>(cf, = k(fo, it;, z : h d = 1, w n = 
£1, z n = /il, /iz = q m zh, hw = q~ m wh, zw — qwz = 0). The 
coaction is determined by X(h) = g m ®h, X(z) = x(g>l + g~ l ®z, 
X(w) = y<g>l + g~ 1 ®w. 

(g) For any € k, the algebras T>i(^,fi,rf) = k(/i, : h n = 
1, w n = £1, z n = /il, hz = qzh, hw = q" 1 wh, zw — qwz = 
rfh n ~ 2 ). The coaction is determined by X(h) = g®h, X(z) = x®l + 
g~ 1 (£>z, X(w) = y®l + g~ l ®w. 

(h) Assume that n = 2k, 1 < k G N. For any £, G k, the alge- 
bras T>2(£,n,r}) = k(h,w,z : = 1, w n = £1, z n = /il, /iz = 
q 2 zh, hw = q~ 2 wh, zw — qwz = nh k ~ l ). The coaction is deter- 
mined by X(h) = g 2 ®h, X(z) = x®l + <7~ 1 (8)z, X(w) = y®l + g" 1 <®w . 

Lemma 8.8. The algebras listed above are of the form a K , where K C 
7i(\,q) is a left coideal subalgebra and a is a compatible Hopf 2-cocycle. 
Moreover the algebras listed above are pair-wise non Morita equivariant 
equivalent. 

Proof. The proof is completely analogous to the proof of Lemma 18.51 □ 

Proposition 8.9. Let Ad be an exact indecomposable module category over 
Rep(7l!(l, q)), then A4 ~ k-M, where K is one of the H-comodule algebras 
listed above. 

Proof. Let (G, Xq) be a Loewy-graded TL(\, g)-comodule algebra such that 
Go = kCrf for some divisor d of n and G ^ Go. Follows from Proposition 
17.51 that G ~ K#Go where K C 23 (V) is an homogeneous left coideal 
subalgebra. Since K(l) ^ 0, follows from Lemma 18.71 that the only four 
possibilities for K are the following. K(l) = k < x >, K(l) = k < y >, 
K(l) = k < fix + y > for some ^ fi G k, or K = *B(V). Notice that 
if K(l) = k < fix + y >, since K is invariant under the action of Go and 
g ■ x = q x,g ■ y = q^ 1 y the only possibilities are that Go = kl, thus d = 1, 
or that Go — kG2- 

Let (^4, A) be a lifting of G along TC(1, q). In the first three cases it is easy 
to prove that A ~ Ao(d,£), A ~ A\(d, £) or A ~ A(^,fi) for some £, fi G k. 
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Let us assume that (A, A) is a lifting of *B(V)#kCd along H(l,q). Using 
the same arguments as in the proof of Proposition 18.31 one can prove that A 
is generated by elements h,w,z subject to relations h d = 1, w n = £1, z n = 
fj,l, hz = q m zh, hw = q~ m wh for some G k, and the coaction is 
determined by X(h) = g m ®h, X(z) = x®l + g~ l ®z, X{w) = y<g>l + g~ 1 <S>w. 
Since X(zw — qwz) = g~ 2 ®{zw — qwz), then zw — qwz G Aq. Thus there 
exists rji G k such that zw — qwz = Yli=o ^ ^ ■ Therefore 

d d 

mg mi ®K L = Vi9~ 2 ®h\ 

i=0 i=0 

We conclude that there are two possibilities: if there is no i = . . . d — 1 
such that g~ 2 = g mi , in which case all m = and zw — qwz = 0, thus 
A ~ £, /i). The other case is when there exists one i = . . . d — 1 such 
that g -2 = g mi thus r/j = for all j except when j = i. Also n \ mi + 2. 
Since i < d, mi + 2 < n + 2 then n = mi + 2, but since m is a divisor of n, 
this implies that m divides 2, hence m = 1 or m = 2. In the first case d = n 
and j4 ~ f i(£, A*, f?) and in the second case A ~ Z^O?, A*i ??)• d 

8.4. Module categories over Repf^u^sfe)). For convenience we shall work 
over a twist equivalent Hopf algebra rather than with u q {s\2) itself. 

Let 2 < n G N and q G k be an n-th primitive root of 1. Let 7i q be the 
algebra generated by elements g,x,y subject to relations 

gx = q 2 xg, gy = q~ 2 yg, g n = l,x n = 0, y n = 0, xy - q 2 yx = 1 - g~ 2 . 

The algebra 7i q is a Hopf algebra with coproduct determined by A(<?) = g<S>g, 
A(x) = x ® 1 + (8) x, A(y) = y ® 1 + g~ l ® y. 

It is easy to verify that W g ~ "^(s^) as Hopf algebras, where the isomor- 
phism is given by multiplying by the group-like element g and that gr c 7i q ~ 
*8(V)#kC n as Hopf algebras, where V = k{x,y} is the 2-dimensional 
Yetter-Drinfeld module over kC n with structure maps 5 : V — ► hC n <Si^V, 
■ ■ kC n (E>kV — * V given by 

S{x) = a _1 ®x, 5(y) = g~ l ®y, g ■ x = q 2 x, g-y = q~ 2 y. 

It is well-known that the category of representations of H = %$(V)#kC n is 
tensor equivalent to Rep(7l!g). Therefore we shall describe module categories 
over Rep(-ff). Let us define a family of left if-comodule algebras right H- 
simple. Let d G N be a divisor of n and dm = n. 

(a) The group algebra kCd = k(/i : h d = 1), with coaction determined 
by X{h) = g m ®h. 

(b) For any £ G k, the algebras Ao(d,£) = k(h,w : h d = 1, w n = 
£1, hw = q m wh) and coaction determined by X(h) = g m ®h, X(w) = 
x®l + g~ 1 <S>w. 

(c) For any £ G k, the algebras Ai(d, £) = k(h,w : h d = 1, w 11 = 
£1, W = <7 m w/i) and coaction determined by X{h) = g m (&h, X{w) = 
y(g>l + g~ l ®w. 
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(d) For any £, \i G k, fi ^ 0, the algebras /i) = k(u) : u) n = £1) with 
coaction determined by X(w) = (fix + + g~ 1 ®w. 

(e) If n is even, for any £, /j G k, /i ^ 0, the algebras *4'(£, fi) = k(/t, w : 
h 2 = l,w n = £1, /iu> = (p u>/i) with coaction determined by X(h) = 
gi®h, X(w) = (fix + y)®l + g~ x (3w. 

(f) If ra = 4m, for any £, /x € k, /x 7^ 0, the algebras A"(£, fi) = k(h,w : 
h 4 = l,w n = £1, W = q m wh) with coaction determined by A(/i) = 
g m <g)h, X(w) = (fi x + j/) ®1 + g~ l ®w. 

(g) For any £ 5/ u G k, the algebras £,/x) = k(/i, ty, z : h d = I, w n = 
£1, z n = /xl, /wo = (7 m w/i, /iz = g m z/i, zw — q 2 wz = 1), 
with coaction determined by \(h) = g m (&h, X(w) = y®l + g~ 1 ®w, 
X(z) = x<S)l + g^f&z. 

(h) If there exists a G N such that ma + 2 = n, then for any £, /x, 77 G k, 
with r\ 7^ 0, set the algebras C(g?, £, fi, rj, a) = k(h, w, z : h d = 1, w n = 
£1, z n = fil, hw = q m wh, hz = q rn zh, zw — q 2 wz = 1 + rjh a ), 
with coaction determined by X(h) = g m ^ih, X(w) = y<g>l + g ®w, 
X(z) = x(g)l + g~ x ®z. 

Lemma 8.10. The algebras listed above are of the form a K , where K C H 
is a left coideal subalgebra and a is a compatible 2-cocycle. Moreover the 
algebras listed above are pair-wise non Morita equivariant equivalent. 

Proof. The proof is completely analogous to the proof of Lemma 18.51 □ 

Proposition 8.11. If M is an indecomposable exact module category over 
Rep (tig (5(2)) then Ai is equivalent to one of the following categories: kc d -M.> 
Aa{d,£)M; Ai(d,oM, A{i,^)^^ A'(^fJ,)-^> A"^,^)^' B(d,Z,n)M, C(d,£,n,n,a)M-. 

Proof. Let (G, Ao) be a Loewy-graded Q5(y)#kG n -comodule algebra. We 
assume that G ^ Go and Go = k.(h : h d = 1) for some d divisor of n. The 
space 05 g C 55 (V) is an homogeneous left coideal subalgebra generated as 
an algebra by 25g(1). This can be proven using the same arguments as in 
the proof of Lemma 18.71 

Assume that dim25 G (l) = 2, then evidently Q5 G = 25(F). Let (A, A) be 
a lifting of (G, Ao) along H. Arguing as in Proposition 18.91 we obtain that A 
is generated by elements h, w, z subject to relations 

h d = 1, w n = £1, z n = £1, hw = q m wh, hz = q m zh. 

Where the coaction is determined by X(h) = g m ®h, X(z) = x®l + g~ l ®z, 
X(w) = y®l + g _1 ®w. Since 

(8.2) X(zw - q 2 wz) = (1 - g~ 2 )®l + g~ 2 ®(zw - q 2 wz), 

then there exists o^Gk, i = . . . d — 1 such that zw — q 2 wz = h l . 
Using equation (|8.2p we obtain that 



J2 o< <? m W = (1 - g- 2 )®\ + g~ 2 ®h\ 

i i 
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This implies that ao = 1. If there is no 1 < i < d — 1 such that mi = n — 2 
then ai = for all i = 1 . . . d — 1 and in this case A ~ 0(c2, £, /i). If there is 
a natural number o such that ma = n — 2 then a« = for all i ^ a and a a 
is arbitrary. In this case A ~ C(d, £, /i, a a , a). 

If dim5Bc(l) = 1, we have three possibilities: 58g(1) = k < x >, Q$c?(l) = 
k < y > or Q5gt(1) = k</ix + y> for some /i € k x . In the first two 
cases A ~ Ao(d,£) or A ~ ^4i(d, ^) respectively. In the third case, since 
g ■ x = q 2 x and g ■ y = q~ 2 y, the only possibilities are that Go = kl, 
G = kG 2 or G = kG 4 and then A ~ A(£, fJ-), A ~ A'(£, y) or A ~ ^4"(^, /x) 
for appropriate 

□ 

9. Some further comments 

1. Notice that if H is one of the Hopf algebras in the following list: 

(i) a group algebra kG of a finite group G, 

(ii) a Taft Hopf algebra T q , 

(hi) a Radford Hopf algebra r(q), 

(iv) the Frobenius-Lusztig kernel u q (sl<2), 

then exact module categories over Rep(-ff) are of the form ^k-M--, where 
K C H is a left coideal subalgebra and <r is a compatible Hopf 2-cocycle. 
It would be interesting to know if this statement is true for any finite- 
dimensional pointed Hopf algebra with abelian coradical. 

2. Using the same strategy as for the book Hopf algebras and for the 
Radford Hopf algebras it is likely that a classification for a bosonization 
of quantum linear spaces can be worked out easily. Also the results by 
Etingof and Ostrik on the classification of exact module categories over 
finite supergroups AV#kG, see [EO04, section 4.2], can be obatined using 
our techniques, at least when G is a cyclic group. 

3. In principle the techniques developed here would help to classify exact 
module categories over Rep(u 9 (sl n )), since in the paper [KLS08j the authors 
classified all homogeneous coideal subalgebras of u q (s[ n ). 

Acknowledgments. I am grateful for the kind hospitality at LMU, spe- 
cially many thanks to Professor H.-J. Schneider. I also want to mention 
Professor I. Heckenberger for sharing his insights on Nichols algebras. 
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